A priori estimates for high frequency scattering 
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Abstract 

(N- 

, | High frequency estimates for the Dirichlet-to-Neumann and Neumann- 

O | to-Dirichlet operators are obtained for the Helmholtz equation in the ex- 

terior of bounded obstacles. These a priori estimates are used to study 
the scattering of plane waves by an arbitrary bounded obstacle and to 
m : prove that the total cross section of the scattered wave does not exceed 

four geometrical cross sections of the obstacle in the limit as the wave 
(— I ' number k — > oo. This bound of the total cross section is sharp. 
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High frequency estimate of the Dirichlet-to-Neumann operator. Let 

f2 be the exterior of a bounded obstacle O C M 3 with a Lipschitz boundary. 
Consider the solution u — u(r) £ Hl oc {Q) of the Helmholtz equation 

Au{r) + k 2 u{r) = 0, r = (i,j,z)eS! = R 3 \0, k > 0, (1) 

in f2, which satisfies the radiation condition 

du(r) 



r\=R 



iku{r) 



d\r 

and the Dirichlet or Neumann boundary condition on dtt 

(D) u= fe H^ 2 (dfl), 



dS = o(l), R-^oo, (2) 



Here n is the outer normal for O (it is directed into f2), which is defined almost 
everywhere on d£l. The solution u s Hl oc (Vl) of problem ([TJ-© is understood 
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in the weak sense (it is denned by the Dirichlet form), it exists and is unique 
(see [7])- For example, u £ H 1 ^) is the solution of the Neumann problem if 
(P), © hold and 



/ [-VitVu + k 2 uv]dx + / gvdS = 
Jq Jdil 



for any v £ which vanishes in a neighborhood of infinity. When d£l, /, v 

are smooth enough, the weak solution belongs to Hf oc {Vl). 

In particular, we will consider the scattering of the plane wave e lkra , a £ S 2 , 
by the obstacle O. Then the scattered wave u satisfies (HJ-© with / = — e lkra 
in the case of the Dirichlet problem or g = —-§^e lkra in the case of the Neumann 
boundary condition. 

Every solution u(r) of dTJ- ((3J has the following behavior at infinity 

e ik\r\ / 1 \ 

u(r) = -rn-u«,(0)+o( rr J , r -> oo, = r/|r| € S" 2 , (4) 

where the function u oc (9) — u oc (8 1 k) is called the scattering amplitude and the 
quantity 

= ll«oo|| 2 L2(S2) = / |«ooW| 2 ^W 

Js 2 

is called the toiaZ cross section. Here <i/x is the surface element of the unit sphere. 

Problem H])-© can be easily reformulated in terms of the Neumann- to- 
Dirichlet operator T> = T>(k): 

V(k):H- l l 2 (dQ.)^H x ' 2 (dtt), k£R, (5) 

which maps the normal derivative f^lao of the solution u £ Hl oc (VL) of the 
Neumann problem ([IJ-© into the value u\qq of the solution at the boundary. 
When k is complex, this operator is defined as the meromorphic extension of 
(JSJ) - This extension can be found in (TU1[TT] in the case of domains with smooth 
boundaries, but the constructions in [101111] remain valid for Lipschitz domains. 

Our first result concerns the high frequency estimate of operators T>{k) and 
T>~ 1 (k) in the case of a smooth enough non-trapping obstacle. Recall that an 
obstacle with a smooth boundary is called non-trapping if an arbitrary geomet- 
rical optics ray coming from outside (with the reflection angles equal to the 
incident angles) goes to infinity. 

Theorem 1. Let O be a non-trapping obstacle with an infinitely (for simplicity) 
smooth boundary dQ. Then there exists a positive k-independent constant C 
such that 

\\V\\<Ck, < Ck 3 , k>l. (6) 

Remark. The proof of this theorem is based on a reduction to a similar 
result by one of the authors [TT] on the resolvent estimates for problem |T|)- 
Q with an inhomogeneity in the right-hand side of the equation, not in the 
boundary condition. Note that the estimates in |11) are sharp while here we do 
not care about the sharpness of the estimates ([6]). 

Let us provide an important consequence of Theorem [T] which allows one to 
estimate the accuracy of an approximate solution of the scattering problem and 
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the accuracy of the total cross section when the boundary condition is satisfied 
approximately Let u D , u N be the scattered fields for the incident plane wave 
in the case of the Dirichlet or Neumann boundary conditions, respectively, i.e., 
u D ,u N satisfy ©, © and 

du N 



u d = _ e ik( ra ) 



dn 



g e ik(r-a) 

dn 



x e dn. 



(7) 



Let u D -\ 



,N.l 



be approximations to the scattered fields which satisfy ([TJ,© 



and satisfy boundary conditions with some error: 

g u N.l Q e tk(r- a ) 



.DA 



Then, for k > 1, 



and 



du L 



dn 
,N 



ik(rc 



du u 
dn 



dn 



dn 



(8) 



<Ck 3 \\f\\ Hl/2idn) , 



p,i 

l oo 



4 ool 



L 2 (S 2 ) < Ck\\f\\ H i/2( dn ) 



,\ u '^o ~ u 'cv \\l 2 (S 2 ) < C\\g\\ H -i/2 {dn y 

The above estimates on the boundary Sf2 are the direct consequence of (JB]) , and 
the estimates of the scattering amplitudes follow immediately after that from 
the Green formula. 

The next statement holds for arbitrary obstacles which are not necessarily 
non-trapping or have smooth boundary. 

Theorem 2. Let O be a bounded obstacle with a Lipschitz boundary. Then for 
each 6 > there exists a positive constant C — C{8) such that 



|2?|| < c- 



?*' 



12?" 



< C 



3fc 



< argfc < 



|ft| >1. 



(9) 



This result allows one to estimate the error of approximations of the scattered 
field and the total cross section after averaging them with respect to the wave 



number k. Let u D:1 , 



,N,1 



be the approximations of the scattered fields which 



satisfy (HJ,© and JSJ). We assume that the Dirichle/Neumann values of these 
approximations are analytic in A: in a neighborhood of the real A>axis as elements 
of the corresponding functional spaces, and 



H/IUv2(3fi) = °( k m )' or/and \\9\\ H -y^(dn) 

when SR/c — > oo, \Qk\ < cq < oo. The following result is a consequence of 
Theorem [2] (here we only formulate the estimates for the cross sections) . 

Theorem 3. Let function u ' 1 oru N:1 satisfy ^j),^), 0) and U0\) . Then, for 
arbitrary positive a — ct(k), < a(k) < ctQ < oo, we have 



0{k~ n ) 



(10) 



k+a(k) 

\\uZ{k')-u^\k')tdk' = 0{k 2 - 2m ) 

'k-a(k) 

or/and (in accordance with hlU\) ) 

pk+a(k) 



k 



oo, 



k— a(k) 
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Finally, let us note that all the high frequency estimates known so far were 
obtained for the star-shaped obstacles [5], [3], or for the obstacles with a sin- 
gle reflection of the rays [T] and, later, for smooth non-trapping obstacles and 
general elliptic equations [TT] . 

Upper bound for the total cross section when k — » oo. Consider 
the scattering of plane waves by an obstacle. Recall that the geometrical cross 
section 9 of the obstacle is the shadow of the obstacle illuminated by the plane 
wave. In the case of a smooth strictly convex obstacle, it is well known [5] 
that the total cross section a(k) at high frequencies coincides with the doubled 
geometrical cross section, i.e., er(fc) — > 20 as k —> oo. In fact, a(k) measures the 
energy of the difference between the unperturbed field (the incident wave) and 
the field in the presence of the obstacle. One contribution to that difference 
comes from the fact that the field in the presence of the obstacle is practically 
zero in the shadow zone (when k — > oo) while the unperturbed field has ampli- 
tude one there. The second contribution comes from the wave reflected from 
the obstacle according to the law of geometrical optics. The arguments of this 
type can be found in many physics textbooks. 




e i[k +k(z+A)} I e ikz \ e i[k +k(z+A)]\ 



Figure 1: The Alexenko-Plakhov obstacle O is the translation of the two di- 
mensional object above by distance one along the y direction. Here \AB\ = 
1,\A"B"\ = 1/2,\AA'\ = v / 3/2. The incident plane wave e lkz comes down 
along the z-axis. The geometrical cross section is 1/2. The eikonal approxi- 
mation f elfe is equal to e ikz above A'B' and e lkz or e ^o+Hz+A)] below AB 
with A = | CM" | + \A"B\ - \A'A\ being a constant. The latter indicates that 
lim™ a{k n ) = 2(= 46) for k n = fe °+( 2 ^+% , Z+ 3 n -> oo. 

Recently we studied [5] the scattering of the plane waves by the Alexenko- 
Plakhov object [2] which was suggested as a candidate for an invisible body on 
the basis of a structure of geometrical optics rays. We proved that the total cross 
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section a{k) for that obstacle approaches four geometrical cross sections 6 for 
some sequence k = k n — > oo. This non-convex obstacle O is the translation of the 
two dimensional object on Fig. 1 by distance one along the y-axis. The incident 
plane wave e tkz comes down along z-axis. Geometrical optics rays are reflected 
twice from the boundary of O and continue to propagate parallel to each other 
in the same way as if the obstacle was absent. We constructed the geometrical 
optics (eikonal) approximation to the solution of the scattering problem and 
justified its validity. It is also shown in [5] that the presence of the obstacle 
changes the incident plane wave (for large k) only by creating a constant phase 
shift along the rays in the shadow zone. The phase shift 8 is equal to fco + kA, 
where kg depends on the boundary condition and A depends on the geometry 
of the obstacle. An important effect appears when k = k n — k «+( 2 ™+ 1 ) 7r ; w here 
n is an integer, n — > oo. Then 5 = (2n + 1)tt, i.e., e lS = —1, and the difference 
between the incident wave and the eikonal approximation of the field in the 
shadow zone is equal to the doubled incident wave. The corresponding squares 
are related by the factor four, and this leads to the fact that cr(k) — > 40 when 
k = k n — > oo. A rigorous justification of this fact is given in [5] (as well as a proof 
of almost invisibility of the obstacle when e lS — 1, i.e. k = °"^? n7r , n — > oo). 

It was a big surprise for us to find an obstacle with a total cross section being 
four times larger than the geometrical cross section in the limit of k = k n — > oo . 
The next natural question arises immediately: is there an obstacle for which 
limsupj.^^ cr(fc) is larger than 40? One could expect a positive answer based 
on the fact that the resonances (poles of the analytical continuation of the 
resolvent in the half plane 3fc < 0) can approach the real axis at infinity, [3]. 
In fact, the answer to this question is negative, and this will be justified in 
the second part of the present paper. If the non-trapping condition is violated, 
the negative answer is proved here only after certain averaging. Namely, the 
following theorem will be proved below. 

Theorem 4. 1) If a bounded obstacle O with an infinitely smooth boundary dQ 
is non-trapping, then 

limsupcr(fc) < 46. (II) 

2) For an arbitrary bounded obstacle with a Lipschitz boundary the following 
relation holds 

limsup— -- / a(k')dk' < 46, (12) 

k^oc 2a{k) Jk- a (k) 

where a(k) is an arbitrary positive function such that k~ m < a(k) < cxq for 
some m, ao < oo. 

Remarks. 1) Note that the averaging in the second case can be taken over 
intervals of fixed length or intervals shrinking at infinity as an inverse power of 
k. 

2) A stronger result than (TT2)) will be obtained. It will be shown that, for each 
e > 0, the scattered field u (which defines the cross section) can be represented 
as a sum of two fields, u = uq + v, where the total cross section of the field uo 
satisfies (TT2")) with 4(6 + e) in the right hand side, and the average of the cross 
section a v (k) of the field v decays at infinity faster then any power of k, i.e., 

/>k-\-a(k) 

/ cr v (k')dk' = 0(k~°°), k -> oo. 

Jk-a{k) 



■5 



The proof of Theorem U is based on a construction of a particular approxi- 
mation and using a priory estimates discussed above. 

2 Proofs of a priory estimates 

We start this section by recalling some facts on solutions of the Dirichlet and 
Neumann problems in non-smooth domains (see [7] for more details). Consider 
an arbitrary exterior domain Q — R 3 \0 with a Lipschitz boundary. Let A ^ 
(—00, 0], h £ £2(^1), and let u £ be the solution of the Dirichlet problem 

Au~\u = h, xefl, ~{u = u\ dn = f e H 1/2 (dfl), (13) 

or the Neumann problem 

Au-Xu = h, xefi, j n u = ^\an=g£H- 1 / 2 (dfi). (14) 

an 

The Dirichlet problem is well defined since the trace operator 7 : i? 1 (17) — > 
H 1 ^ 2 (dQ) is bounded. The corresponding trace operator j n : H 1 ^) — > H^ 1 / 2 (dVl) 
for the normal derivative is not bounded, but j n u can be defined for the solu- 
tions u £ -ff 1 (fi) of the equation Am — Xu = h £ Lzfa). Namely, if <9f2 and u 
are smooth enough, than the Green formula implies that 

/ (VuVu + Xuv + hv)dx = — / (~/ n u)vds for any v £ H 1 ^). (15) 
Jn Jon 

If d£l is only Lipschitz and u £ H 1 ^) satisfies the equation Au — Xu = h £ 
L 2 (fl), then ([T5"j) is used to define j n u £ H^ 1 / 2 (dfl) in (fT4")l . One can start 
with a v £ H 1 ^ 2 (dQ), construct an arbitrary bounded extension operator n : 
H 1 ' 2 ^) -> H 1 ^) and replace v by nv in the left hand side of (55). Then (fI5]) 
defines a bounded functional 7„u on the space iJ 1 / 2 (9ri), i.e., 7„u £ i/ _1 / 2 (9il). 
It remains to show that j n u does not depend on the choice of 77. The proof of 
the latter fact and the following lemma can be found in [TJ. 

Lemma 1. Let X £ (— oo,0] and h £ L^Cl). Then problems 113)) and are 
uniquely solvable in iJ 1 (f2). Moreover, there exists a constant C — C(A) such 
that 

IMIffi(«) < C(l|ft|U 2 (n) + \\f\\H^(da)), \\ u \\m(n) <C(\\h\\ La( n) + \\g\\ H -^ m) ) 
for the solutions of kltfjj and \14]) > respectively, and 

||7nW|| H -i/2( an) < C\\u\\ H i {n) 
for the solutions of both problems. 

In fact, LemmaQ]is proved in [7J (Lemma 4.3 and Theorem 4.10) in the case 
of bounded domains (for more general equations), but the condition A ^ (—00, 0] 
allows one to apply the same arguments to the equation above. Alternatively, 
one can easily obtain Lemma [T] using the same statement for bounded domains 
and a standard technique based on a partition of the unity. 

Proof of Theorem [TJ Let us recall the resolvent estimate obtained in 
[TTj . Assume that the obstacle O satisfies the assumptions of Theorem [JJ (O is 



6 



smooth and non-trapping). We will say that u G H 2 (£l) is a solution of problem 
(A) if it satisfies the equation 

Au + k 2 u = heL 2 , x G Q, 

radiation condition ([5]), and the homogeneous boundary condition ([3]): 

u\dn = or u n \on = 0. 

Let h have compact support. To be more exact, let h = for |x| > a. Consider 
the restriction of u to a bounded region ttf, = flf]{\x\ < b}. Then for each 
a, b > 0, there is a fc-independent constant C = C(a, b) such that 

k\\u\\ L2 (n b ) + \\u\\m(n b ) + /c^lMlff 2 ^) < C||h|| i3 (n), k > 1. (16) 

This estimate is somewhat similar to the estimate for the solutions of the el- 
liptic equations with a parameter when the parameter is outside of the spectrum 
of the problem, for example for the solutions of the equation Au — k 2 u = h. In 
the latter case, (|16D holds with an extra factor k on the left and with instead 
of Qb- A weaker result in our case (the power of k is smaller, the norms are 
local and the domain must be non-trapping) is a trade-off for considering the 
operator on the continuous spectrum. Note that (|16p holds also for the analytic 
continuation of the solution in k in a neighborhood of the real axis which is 
widening at infinity logarithmically. 

Let us prove the first of the estimates in (|6|). Assume first that g g H 1 ^ 2 (dQ). 
Let v € H 2 {yi) be the solution of the axillary problem 

Av-k 2 v = 0, u n \ dn = g € H 1/2 {dn). 

The Green formula implies that 

/ (|Vw| 2 + k 2 \v\ 2 )dx = - / v n vdS <\\g\\ H -i,2 {dn) \\v\\ H i/2 [dn) . (17) 
Jn Jan 

From here and the Sobolev imbedding theorem it follows that 

IMIffi/2(an) < C||?;||.H-i(n) < C[\\g\\ H -l,2 {a^ - l )\\v\\ H l,2 {^n) \ 1,2 , k > 1, 
and therefore, 

IMIffi/2(dQ) < C\\g\\ H -i/2 {dn) , k>l. (18) 
From here and (TIT)) we obtain that 

||Vu||i, 2 (n) + fc||u|U a (n) < C\\g\ H -i/2 (m) , k>l. (19) 

Let us look now for the solution of the problem (HJ-Q in the form u = 
C(x)v + w, where C G C°°(f2), ((x) = for \x\ > a, and ((x) = 1 for \x\ < a - 1 
with a so large that the ball |jc| < a — 2 contains the obstacle O. Then w is the 
solution of the problem (A) with 

h = -2V(Vv - (A£> - 2k 2 (v, 

and 

\\h\\L 2 (n) < Ck\\g\\ H -y, 2{m) , k > 1, 



7 



due to (fTT)|) . From here and (fT5|) it follows that 

lk|| H i(n ) < Ck\\g\\ H - 1/ 2 {m) , k > 1, 

and therefore 

IHI//i/2(an) < C fc ll3ll//-V2 ( 3fi), fc > 1. 
This and (O imply that 

P>9\\ < Ck\\g\ H - 1/2{dn) , geH^idn), k>\. 

By taking the closure in the space H^^idVt) we arrive at the first estimate 
in @. 

Let us prove the second estimate in ©. Let v 6 be the solution of 

the axillary problem 

Av-v = 0, xen, u\ an = f e # 1/2 (<90). 

From Lemma [1] it follows that 

c \\lnV\\ H -l/2 {dn) < \\v\\ H l {n) < C\\f\\ H l/2 {dn) . (20) 

We look for the solution of the problem ([IJ-© in the form u = ((x)v + w, where 
£ and a are the same as above. Then w is the solution of the problem (A) with 

h = -2VCVv - (AO + (1 - k 2 )(v. 

From (fT5|) and the second inequality in (I2U1) it follows that 

IMIff»(n tt ) < Ck 3 \\f\\ Hl/ 2 ian) , k>l. 

Then the Sobolev imbedding theorem implies that 

hnW\\ H l/2 [dn) < Ck 3 \\f\\ H1/ 2 [dn) , fc > 1. 

This and ([2H)l justify the second estimate in ([5]). 

Proof of Theorem [2j Let 3(fc 2 ) > 0. Let u satisfy ©,© and the 
Neumann boundary condition ([3]). The Green formula 



(— VuVu + k uv)dx = / {^ n u)vdS 
Jan 

remains valid (see [7]) for arbitrary u,v G if 1 (17) in a Lipschitz domain 17 if 
Ait + k 2 u — in 17. This formula with v = u implies that 

3(fc 2 ) / \u\ 2 dx < \hnU\\ H -l/2 idn) \\u\\ H l/2 {m) , (21) 

and 

|A;| 2 |fc| 2 

Together with the Sobolev imbedding theorem 

\\ u \\m/^(dn) < CWuWh 1 ^), 
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this leads to 

\k\ 2 \k\ 2 
IMIffi/2 (9f2 ) < C-^-£-\\-y n u\\ H -i/ 2(dn) , > 1. 

This estimate proves the first inequality in ([9]). 

Let us prove the second inequality in ©. Let u satisfy ([U,© an d the 
Dirichlet boundary condition ([3]). Estimate (|2"TT) is still valid in this case. We 
rewrite the equation Au + k 2 u — in the form 

Au-u = h, h = -(l + k 2 )u. 

Then from Lemma [1] and (l2~Tj) it follows that 

||7 n it|| H -i/2 (an) < C(||/i|| L2 (n) + \\u\\ H i/2( dn) ) 

< C , /s||7„u||^ 1/a(an) ||u||^ 1 2 /a(an) + C||«|| H i/ a(8n) , k = ^== - 
We combine the last inequality with 

CK||7„M||^ /2 1/2(90) ||w||^ 1/2(an) < ^llTnwIlij-i/scan) + ^C 2 K 2 ||-u|| jH -i /2(6 , f1 , ) 
and arrive at 

|fc| 4 

||7nW|| H -i/ 2(an ) < Ci ^ \\u\\ H i/2( dn) , \k\ > 1. 

This implies the second inequality in (J9j) . 
The proof of Theorem [5] is complete. 

Proof of Theorem [3j Let us assume that the Dirichlet boundary condition 
is imposed on the boundary of the domain; the Neumann condition is treated 
absolutely similarly. Denote v — u D — u ^ . The Green formula implies 

Ikooll 2 = t$ / ^vdS = i3 / {V- x v)vdS, k > 0. (22) 

Consider the quadratic polynomial 4>(z) = (2ao) 2 — z 2 , where ao was intro- 
duced in the statement of Thcorcm[3] Then < (j>(z) < 4ao for —2ao < z < 2oq. 
Thus 

r k+a(k) ,-k+a(k) 

||foo(fc')l| 2 ^' < C / <j>(k' - fc)|| Uoo (fc')H 2 *' 



k — a(k) J k — a(k) 

k-\-1(y.Q 

'M|2 jiJ 



k 



<C cj){k' -k^v^ik'^dk 1 

J k — loto 

4>(k' -k) {V^vpdk'dS, k>0. (23) 

k-2a JdO 

Here v = v(k'), considered as a function with values in H 1 ' 2 (dV,), is analytic in 
the half strip indicated in (fT0|) . The function v(k') is an analytic extension of 
v(k') from the real axis to the same half strip. The operator V^ 1 : H 1 / 2 (dfl) — > 
H~ l / 2 (d£l) is analytic in the upper half plane. Thus the segment of integration 
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[k — 2o.q, k + 2ao] in (f2"3|) can be replaced by the contour V = Ti U T2 U T3 (see 
Fig. 2), where 

ri = {k' e C : < 3fc' < c , $tk' = k — 2a }, 

r 2 = {k' e C : 3?fc' = c , fc - 2a < 3We' < fc + 2a }, 
r 3 = {k' £ C : c > 3fc' > 0, 9We' = fc + 2a }, 
with cq defined in (fTU)) . Hence, 



3*' 



Figure 2: Contour T 



k + 2a 



fe+a(fe) 



fc-a(fe) 



Wv^ik'^dk' < <j)(k' ~ k) {V- l v)vdk'dS, k>0 



dO 



and 



fc— a(k) 



It remains to note that contour T has length 4ao + 2co, |0(fc' — fc)|||I? _1 || < k 3 
on r due to Theorem^ and (ITU1) holds. 
The proof of Theorem [3] is complete. 

3 The bound for the scattering cross section. 

Let us give an outline of the proof of the bound followed by rigorous arguments. 
The proof is based on the introduction of a specific solution $(r) of ([T|) which is 
a sum of an incoming and outgoing spherical waves with the amplitudes <I>™ (9) 
and respectively, and which has the following properties. Let us put 

the obstacle inside of a cylinder C with the axis parallel to the z axis (which 
is chosen to be the direction of the incident wave.) As k — > oo, function <£>(r) 
almost coincides with the incident plane wave e lfcz , and it vanishes (as k — > oo) 
outside of C. The function $(r) can be chosen in such a way that the total cross 
section of each component of $(r) is as close to the geometrical cross section O 
of the obstacle O as we please. Due to the a priory estimates obtained in the 
first part of the paper, the scattered field u is close to the outgoing solution uq 
of (U|) which satisfies the boundary condition determined by — $(r) (instead of 
— e tkz ). Since $(r) + uo has zero boundary condition, from the unitarity of the 
scattering matrix it follows that 



\L 2 (S 2 



+ u o\\l 2 (s 2 )- 
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This implies the bound for the total cross section for uo, and therefore for u. 

The rigorous proof starts with the construction of the function $. Denote 
the (x, j/)-coordinate plane in R 3 by P. Let a — (0, 0, 1) be the unit normal to 
P, and let M be a domain in P bounded by a polygon dM . Denote by C(M) 
the infinite cylinder with the axis parallel to the z-axis and the cross section M, 
i.e., 

C{M) = {r = r |ia£l 3 : r e M, -oo < t < oo}, 
Consider the following function 

P(r)= [ v(Q) ^\ klT ~, ql) dS{q), rel 3 , (24) 
Jm \r - q\ 

where rj is a C°°-function on P with support in M such that r\ vanishes in a 6- 
neighborhood of the boundary dM and equals one outside of a 25-neighborhood 
of dM. 

Lemma 2. The function p(r) has the following properties 

1) p(r) G C°°(]R 3 ) and {A + k 2 )p(r) =0, 

2) p is an entire function of k, 

3) If K is an arbitrary compact on C(M) with the distance from dC(M) at 
least 28, then 

p{r) =2Trk- 1 cos(kz) + 0(k-° c ), r e K, 3We -> oo, \Qk\ < c < oo, 
4) 

p(r)=P%\e)^+p™(e)^^ + 0(\r\- 2 ) as r ^ cx>, 

where 

P°^(0) = i / -«d5( g ), p^W = ^ / ne^dS^q). (25) 

2 « Jji/ 2z J M 

5) t/ie relations above admit differentiation in r of any order. 

Proof. All the statements above can be derived from the properties of a 
single layer obtained in [5]. However, this particular function p(r) is so simple, 
that it is easer to prove the lemma independently. Indeed, the first two state- 
ments are obvious since the integrand in (fMf is infinitely smooth, satisfies the 
Helmholtz equation and is an entire function of k. 

In order to prove the third statement, we use the polar coordinates a, <f> on 
P with the origin at the point ro = (x,y). Then p(r) takes the form 

27r r d sinfK/rZ 4- „2\ 



o 



(Wz 2 + a 2 



p(r) = / n(r +a(5) — adadcj), [3 = (cos <j>, sin 

\J z l + a 1 



where d is the diameter of M. After substitution \/ z 2 + a 2 = r and integration 
by parts, we obtain 



271 







p( r ) = / / r K r o + \/ t 2 — z 2 (3) sm(kT)dTd(f>. 
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2, r d d 



2nk 1 cos(kz) + I / — r/(r + \/ t 2 — z 2 /3)k 1 cos(kT)dTd(f). 



o J\z\ dr 

Since i) = 1 in a neighborhood of the point r = \z\, and all the derivatives of 
r\ are zeroes at r = 0, further integration by parts leads to the estimate 0(k~°°) 
for the last term above. This completes the proof of the third statement. 

To prove the fourth statement, we replace the sine-function in (j24[) by the 
difference of exponents: 

e ik\i — q\ _ e ik\r-q\ 

smk(\r - q\) = - , 

and then use the expansion that is standard in the scattering theory 

^ik\r — q\ pik\r\ 



\r-q\ 



= e 



+ 0{\r\ 2 ), r -> oo, |g| < q < oo. 



The last statement of the lemma is also obvious. 
Lemma [2] implies 

Lemma 3. The function <I>(r) = Y~p(r) — ^Pz{f) has the following properties 

1) $(r) G C°°(]R 3 ) and (A + fc 2 )$(r) = 0^ 

2) $ is an entire function ofk, 

3) If K is an arbitrary compact on C(M) with the distance from dC(M) at 
least 28, then 

$(r) = e lkz +0(\k\-°°), reK, 3Wc -> oo, < c < oo, (26) 

4) 

^ r )=$™ t (6)^ + $™(6)?^+0(\r\- 2 ) as r -> oo, 
\r\ \r\ 

where 

®Z\6) = k^±^ { ne-^dS(q), $£(0) = -k±±$- [ V e lk ^dS(q) 

(27) 

wit/j #3 = z/\r\ . 

5) All the relations above admit differentiations in r of any order. 
Lemma 4. The following relation holds 

|*£'(0)| a d£ = f \$Z(0)\ 2 dS= f V 2 dS(q) + 0(k- 1 ), fc^oo. (28) 
Js 2 Jm 

Proof. From ®Q it follows that = &£{0), where 9' = (6 U 9 2 , -9 3 ). 

Thus, it is enough to evaluate the first integral above. 

For a vector r = (x,y, z), denote by r' = (x,y) its projection on the (x,y)- 
plane. Obviously, = 0(k~°°) if \0'\ is separated from zero, i.e., 

$™*(6>) = kf3(9')^—^- [ r 1 er lke - q dS{q) + 0{k- 00 ) 



2vr 



M 
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where /3 £ C°° , (3 = 1 when \9'\ < 1/3, (3 = when \9'\ > 2/3. Then with the 
accuracy of 0(k~°°), we have 

\*™\0)\ 2 dS = jf^ ( /3(e 3 -l) 2 / / vip'M^e-^'^'-^dq'dp'dS 
(4tt)^ 7 S 2 J m J m 



where 



7 (0') / / rjip'Wq'^M' ^'-P^dq'dp'de', 
<i JmJm 



7 (0') = ^-Z^ [(v^FF - 1) 2 + (V^W + 1) 2 

V 1 - FT 



The two terms in the last factor above correspond to integration over the upper 
and lower hemispheres. We apply the stationary phase method to the integral 
with respect to 9' , q' . The only stationary phase point is the point 9' = 0, q' = p', 
and this immediately leads to the statement of the lemma. Lemma U is proved. 

Proof of Theorem |4) We fix an arbitrary e > and then choose M in 
such a way that M contains the projection of the obstacle O on the plane P, 
and the area \M\ of M does not exceed O + e. Then we choose S in the definition 
of the function rj to be so small that r\ = 1 in a neighborhood of the projection 
of the obstacle. Then ([57} implies that 

9 < f rfdS(q) < 6 + e. (29) 
Jm 

Let u° satisfy ([U,© and one of the boundary conditions 

(«° + $(r))|ac=0 or gfo-±gfr% o = . (30) 

The choice depends on the boundary condition in ([3]). Note that $ is a sum 
of an outgoing and an incoming spherical waves, and u° is an outgoing wave. 
Thus, the Green formula for w = — <j>^ 4 and To in the domain Sljj = 51 f]{r : 
\r\ < R} followed by the limiting process as R — > oo immediately implies that 



oc 



P&ll = ll«»-* 

and therefore that 

This, Lemma H] and (12T)1) imply 

||^|| 2 <4(6 + £ ). (31) 

The latter estimate is very close to the one which is needed to prove the 
theorem. Indeed, recall that u is the scattered wave defined by the incident 
plane wave, i.e, u satisfies (TTJ), © and one of the boundary conditions in (J7J). 
The function u° also satisfies ((1} , © and the corresponding boundary condition 
in ([50")) . Then the difference v = u — u satisfies (fTJ), ©, and from (T2"oT) it follows 
that 

\Hh^(90) = 0(1*1-°°) or ||^||H-x/ a(so) =0(|A|- 0O ) J (32) 
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when 3?fc — > oo, \Qk\ < cq < oo. The choice depends on the boundary con- 
dition in ([3]), and, respectively, in ([?])• Since e is arbitrary and u — uq + v, it 
remains to show that ||voo|| 2 vanishes as k — > oo if the obstacle is non-trapping 
and smooth, and 



1 



2a(k) 



k+a(k) 

Wvooik'^dk' -> 0, fc-^oo, (33) 

k-a(k) 



for an arbitrary obstacle with a Lipschitz boundary. 
The proofs of both results start with the relation 

hoc\\ 2 = h[ ^vds, fc>o, 

ft J do ° n 

which is an immediate consequence of the Green formula. Let us assume that 
the Dirichlet boundary condition is imposed on the boundary of the domain. 
The Neumann condition is treated absolutely similarly. Then 

\\ V!X \\ 2 = \<*s[ (V^v^vdS, k>0. (34) 
k Jdo 

If the obstacle is smooth and non-trapping, then the relation ||i>oo|| = 0(k~°°), 
k — > oo, follows immediately from (f34|) . the first estimate in (|32l) . and Theorem 
[TJ Let O be an arbitrary obstacle with a Lipschitz boundary. Then (j32|) and 
Theorem [3] imply that 

k+a(k) 

||« 00 (fc')|| 2 dfc' = 0(jfe-~) ) fc^oo. 

k-a(k) 

The proof is complete. 
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